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III. Proportions feleSled from a Paper on the Divi/ion of 
Right Lines , Surfaces , and Solids. By James Glenie, 
A. M. of the Univerjity of Edinburgh. Communicated 
by the Aftronomer Royal. 


It. June, 1775. 

PROPOSITION I. THEOREM. 

If from the angles at the bafe of any right-lined triangle , 
right lines be drawn to the alternate angles of rhombi, 
defcribed upon the oppajite Jides , and applied reciprocally 
to the Jides produced', and from the vertex , through the 
interfeSlion of thefe lines , a right line be drawn to meet 
the bafe: the fegments of the bafe , made thereby , will 
have to each other the duplicate proportion of the Jides. 

T ETacb be any right 
•*—J lined triangle. Let 
afec, cdgb be rhombi, 
on any two lides ac, cb 
of this triangle, applied 
refpedtively to cb, ac, 
produced: from the al¬ 
ternate angles ef a,dgb, 
of which let fa, ga, be 
right lines drawn to the 
angles at the bafe, or 
third fide, ab. Then, if through the interfedtion O of 
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74 A&*. glenie’s Proportions. 

thefe lines, a right line 
col be drawn from the 
vertex c to meet the 
bafe ab ; the fegments 
al, lb, of the bafe made 
thereby, will have to 
each other the dupli¬ 
cate proportion of the 
lides ac, cb. For 
through the vertex c 
let there be a right line 
drawn parallel to ab, to meet bf, ag produced, if ne- 
ceflary. Then, lince the triangles cqh, cpi, are re- 
fpedtively equiangular to the triangles aqb, apb (15. 
and 29. E. 1.); the proportions of ch to ab and of ab 
to ic are refpedtively equal to the proportions of cq_ 
to qb and of ap to pc (4. E. 6.). But the proportion 
of ch to xc is compounded of the proportion of ch to 
ab, and of ab to ic; and confequently is equal to the 
proportion compounded of the proportions of cQ_to qb, 
and of ap to pc. And, fince the triangles acq., apf, 
are refpedtively equiangular to the triangles bqg, bpc 
(15. and 29. E. 1.); the proportions of co^to qb and of 
ap to pc are each equal to the proportion of ac to cb 
(4. E. 6.); and when compounded are equal to the du¬ 
plicate proportion of ac to cb. Wherefore the propor¬ 
tion of ch to ic, which hath been Ihewn to be equal to 
the proportion compounded of the proportions of cQ_to 
qb and of ap to pc, is alfo equal to the duplicate propor- 

4 tion 
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tion of ac to cb (11. E. 5.). But, lince the triangles 
coh, cot, are refpedtively equiangular to the triangles 
aol, lob, the proportion of ch to ic is equal to the pro¬ 
portion of al to lb (4. E. 6. and 16. E. 5.). Therefore 
the proportion of al to lb is equal to the duplicate pro¬ 
portion of ac to cb (ix. E. 5.). SL.E. D. 

cor. 1. If the triangle be ifofceles, the right line 
drawn from the vertex to the bafe is perpendicular 
thereto, and the fegments of the bafe are equal to each 
other. 

cor. ii.. When the triangle is right-angled, the line 
drawn from the vertex to the bafe is always perpendicu¬ 
lar to it (as appears from 8. E. 6. and its cor.); and the 
rhombi become fquares on the lides comprehending the 
right angle. 

cor. hi. The fegments of the lides adjacent to the 
bafe, afe refpedtively third proportionals to the fum of 
the lides, and the lides themfelves. 

cor. iv. The fegments of the lides adjacent to the 
vertex are equal to each other, and each of them is a 
fourth proportional to the fum of the lides, and the 
fides themfelves (v, 

COR. 

(a) And it may be added, a mean in proportion between the two fegments 
adjacent to the bafe. For if a right line ab be any how divided in c, and from 

... 1 ■ — -i—t the two fegments ca, cb, third propor- 

A D C £ B tionals to the whole line and each fegment 

refpe&ively, cd, ce, be taken away, the remainders ad, eb, are equal, and each 
ic amean in proportion between the two cd, ce. For becaufe ab : ac=ac : cd; 

L 2 therefore. 
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cor. v. The fegments of the bafe are proportional 
to the fegments of the tides, which are adjacent to 
them. 


PROPOSITION II. 

Let there be any two right lines given. There is an angle 
which may be made by thefe lines ; fuch that if, from their 
extremities which do not meet, right lines be drawn to 
the alternate angles of rhombi deferibed on them, and re¬ 
ciprocally applied to them when produced ; and from the 
faid angle through the interfedlion of thefe lines, a right 
line be drawn to meet the right line joining the faid ex¬ 
tremities', the fegments of this line made thereby, Jhall be 
refpeSlively equal to the adjacent fegments of the given 
lines , 


therefore, by converfion, ab : bc=ca : ad. Again, becaufe ab : bc=bc : ce, 
by converfion ab : ac == bc : be : and by permutation ab : bc == ac : be. 
Therefore ac : be=ac : ad. Therefore ad and be are equal. I fay, more¬ 
over, that each of the two equal lines ad, be, is a mean in proportion between 
the two cd, ce. For becaufe ba : a,c zz ac : cd, by divifion bc : ca=ad : DC. 
Again, becaufe ba : bc=bc : ce, converting and dividing bc : cazzce : eb. 
Therefore, ce : eb=ad : dc. E. D . 3. horsley. 


LET 
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LET ac, cb, be any two 
given right lines, and let cd 
in ac produced be equal to 
cb. On ad defcribe a femi- 
drcle; draw cn at right an- » 
gles to ad, and equal to cd 
(ii. E. i.); join a, n, and \ 
apply a right line am in the \ 
femi-circle equal to an (i. * 

E. 4.). From the point m a 
draw the right line ms at 
right angles to ad (i-E. 4..) Make a triangle acb, hav¬ 
ing its lides equal to ac, as, and cb (by 22. E. 1.); and 
acb is the angle required to be found; and the feg- 
ments al, lb, of the right line ab joining the extre¬ 
mities a and b of the given lines are reipedively equal 
to the fegments ap, bq_, of the given lines, which are 
adjacent to them. For the fquare on bc hath to the fquare 
on ac the duplicate proportion of bc to ac (cor. 1. to 
ao. E. 6.); that is, the proportion of bl to la (prop. i.J. 
Wherefore the fquares on ac, cb ; that is, the fquare on 
an or am (47. E. 1.) hath to the fquare on ac the propor¬ 
tion of AB to AL (18. E. 5.). But the fquare on an or 
am is equal to the redangle contained by ad, as (8. and 
17. E. 6.). Wherefore the redangle contained by ad, 
as, hath to the fquare on ac, the proportion of ab to al; 
that is, the proportion of the redangle contained by ab, 
as to the redangle contained by al, as ( r. E. 6 .). Con- 
fequently, the proportion of the redangle ad, as, to the 

redangle 
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rectangle ab, as; that is, the proportion of ad to ab (i. 
E. 6.) is equal to the proportion of the fquare on ac to 
the rectangle al, as (i6 . E. 5.) But ad hath to ac the 
proportion of ac to ap (cor. 3. to prop. 1.). Therefore, 
the redtangle ad, ac, hath to the fquare on ac the propor¬ 
tion of the rectangle ac, as, to the rectangle ap, as (i. 
E. 6.). Therefore ad hath to as or ab the proportion of 
the fquare on ac to the redtangle ap, as (16. E. 5. and 
1. E. 6.). Hence the redtangle al, as, is equal to the 
re&angle ap, as (i-i. and 16. E. 5.), and al, ap, arecon- 
fequently equal. But as al to ap, fo is bl to BQ_(by cor. 
5. prop. 1.). Therefore bl, bq., are likewife equal. 
$* E. D. 


P R o- 
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PROPOSITION III. PROBLE M & 

Jo multiply the Square of a given finite right line by emy 

number . 



UPON an indefinite right line ap fet off the given 
right line ab; draw bc at right angles to ap and equal to 
ab; and from a through c draw an indefinite right line 
aq. Take ad equal to ac, and draw de parallel to bc; 
af equal to ae; and draw fg parallel to bc, and fo on. 
Then it appears (from 47. E. i.)» that the fquare of ac 
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is equal to the fquare of ab multiplied by 2; the fquare 
of ae equal to the fquare of ad or ac multiplied by i\ 
that is, equal to the fquare of ab multiplied by 4, and fo 
on. Thus the fquares of ac, ae, ag, ai, al, Sec. are re- 
fpedtively equal to the fquare of ab multiplied by the 
terms of the following feries 2, 4, 8, 16, 32, 64, 8cc. 
where the fixty-third term gives the fquare of ab mul¬ 
tiplied by the laft term of sessa’s Series for the Chefs- 
board. 

If cx be drawn parallel to ap, the fquares of a a, Ab,, 
a c, Ad, See. will be refpecftively equal to the fquare of 
AB multiplied by 3, 5, 9, 17, 33, 65, 129, &c. Alfo 
if Ag be taken equal to a a, and ge be drawn parallel to 
bc, and this be repeated, the fquares of Ae, &c. will be 
equal refpedtively to the fquare of ab multiplied by 
6, 12, 24, 48, 8cc. And the fquares on a 0, See. will be 
equal to fquare on ab multiplied by 4, 7, 13, 25, 49, 
8 cc. In like manner, if am be taken equal to Ab, and mn 
be drawn parallel to bc, the fquares on an, 8 tc. will be 
equal reflectively to the fquare on ab multiplied by 
10, 20, 40, 80, 160, See. And the fquares on As, &c. 
will be equal refpeCtively to the fquare on ab multiplied 
by the terms of the following feries: 6, 11, 21, 41, 81, 
i6i,8cc. 

In the fame way, if right lines be drawn from e, e-, G, 
«, 1, l, 8cc* there will arife numberlefs other leriles. And 
if bc be taken equal to ab multiplied by any number, 
furd, fra&ional, or mixed, there will be obtained a great 
variety of feries, canlifting refpe&ively of terms, which 

are 
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are furd, fractional, or mixed. And by dividing bc, de, 
ge, fg, mn, hi, kl, in different ways, according to plea- 
fure, we may apply the fame method to fractional num¬ 
bers, without altering the magnitude of bc. Thus, if 
bc be bileCted, and a right line be drawn through the 
point of bifeCtion parallel to ap, there will be found 
right lines, the lquares on which are refpeCtively equal 
to the fquare on ab. multiplied by a great number of 
fractions, having four for their common denominator, 
and l'o on. 


PROPOSITION IV. PROBLEM II. 

Jo find a right line , the fquare on which fhall be equal to the 
fquare on a given right line % divided by any number . 


IF, ufing the figure of the immediately preceding pro¬ 
blem, we fuppole the given right line to be denoted by 
al, the fquares on ak,. ah, af, ad, ab, Scc\ will re- 
fpeCtively be equal to the fquare on al multiplied by 


i I i i 1 I t i i i 

7> 4 > Jy Tp J2> T4> 777* T$Z> ToTf* 


See. or divided 


by 


2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, See.; and lb* 


on for other numbers, whole, furd, fractional, or mixed. 
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PROPOSITION V. PROBLEM III. 

To cut off from a given right line a part expreffed by any 

odd number. 

LET ab be the given right 
line. At right angles to it, at 
one of its extremities b, draw 
an indefinite right line be. 

Let n be the given odd num¬ 
ber, which exprefles the part 
of ab which is to be cut off. 

Take bc fuch a right line (prob. 

8 .), that the fquare on it fliall 
be equal to the fquare on ab, 

multiplied by the number 

Draw cl as in the firft theo¬ 
rem, and take ls equal to lb. 

I fay, as is that part of ab, 
which is exprefied by the odd number n. 

For the fquare on ac being equal to the fquares on ab, 
bc, is equal to the fquare on ab multiplied by the number 

-T 1 + i, or n -~‘ Therefore it appears (from prop. I. 

and cor. i. to 20. E. 6 .), that ALis to lb as +1 to n —~. 

Confequently, as is equal to the part required. J>. E. F. 

3 Thus, 
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Thus, if the fquare on bc be fuppofed fucceffively 
equal to the fquare on ab multiplied by the terms of the 
feries 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 
8cc. the numbers of the feveral parts denoted by as, will 
be 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35, 
37, 39, 41, 8cc. which feries comprehends all odd num¬ 
bers after 9, and might have begun from 3 had the other 
feries begun from 1. 


M 2 
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PROPOSITION VI. PROBLEM IV. 

To cut off from a given right line a part expreffed by any 
even number. 



Let m denote any even number in general. Draw any 
indefinite right line bh, and at right angles to it another 
be. On be let off the given right line ba, and from a, 
with the diflance equal to a right line, the fquare on 
which is equal to the fquare on ab multiplied by the 

number 
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number m-i, interfeft bh in Tome point c. From the 
vertex a of the triangle bac draw al as was directed in 
prop. 1. and draw ls parallel to CA. I fay bl is fuch a 
part of bc as is expreffed by the number m\ and that bs 
is the fame part of ab. For it appears (from prop, r.) 
that bl is to cl as 1 to tn- 1. Wherefore bl is the w th 
part of bc. And bs is the fame part of ab that bl is of 
bc (4. E. 6 .) 

Thus if the fquare on ac be fucceffively denoted by 
the fquare on ab multiplied by 3, 5, 7, 9, n, 13, 15, 
17, 19, 21, 23, 25, 8 cc. bs will be fucceffively fuch a 
part of ab as is expreffed by 4, 6, 8, 10, 12, 14, 16, 18, 
20, 22, 24, 26, 28, 8cc. 

PROPOSITION VII. THEORKM II. 

If from the angles at the bafe of any right lined triangle, 
right lines be drawn to the alternate angles of rhombi 
deferibed on the other two fides , and reciprocally applied to 
them produced\ and through the interfeSlion of thefe lines y 
a right line.be drawn from the vertex to the bafe ; the 
re&angle contained by the fines of the angles at the ex¬ 
tremities of one of the fides, will be equal to the rectangle 
contained by the fines of the angles at the extremities of 
the other i 1 )', andtbe parallelepiped contained bythefinesof 

the 


(b) The author means, that fin. acl X fin. cal —fin. bcl xfin. cbl (fee 
fig. pop. 1 .). For fin. acl : fin. l~al: ac, and fin. l : fin. bcl — bc : bl. Take 
a third in proportion to At, ac. Then, bccaufc ac 7 : bc ! ~ al : lb, n will 

% like wile 
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the angles of one of thofe triangles, into which the origi¬ 
nal one is divided by the faid line drawn from the vertex, 
will be equal to the parallelepiped contained by the fines of 
the angles of the other. 

cor. The two triangles, adjacent to the fegments of the 
bafe, have to each other the proportion of the two adja¬ 
cent to the lides containing the vertical angle, or the pro¬ 
portion of the two into which the original triangle is di¬ 
vided; and any one of thefe pairs of triangles are as Simi¬ 
lar figures defcribed on the tides, being as.the fegments 
of the bafe, which have to each other the duplicate pro¬ 
portion of the tides. 


PROPOSITION VIII. THEOREM III. 

If from the angles at the hypotenufe of any right angled 
right lined triangle, right lines be drawn to the alternate 
angles of fquares defcribed on the Jides containing the 
right angle , and from the point where the right line 
drawn from the right angle , through their interfe&ion , 
meets the hypotenufe, right lines be drawn to the points, 
where thefe lines meet the Jides ; the lines fo drawn will 


Ilkewife be a third in proportion to lb, bc. Hence, fin. acl : lin. l=:ac : n, 
and fin. L : fin, bclzzn : bc. Ex aquo perturbate fin. acl : fin. bclziac : bc. 
But fin. cbl : fin. calztac : bc. Therefore, fin. acl :fin. bcl=cbl :fin. cal, 
and fin', acl x fin, cal = fin. bcl x fin. cbl. Q E. D . And hence, 
fin. l xfin. acl x fin. cal =: fin. l x fin. bcl X fin. CB£> which is the fecond 
branch of the propofition. s. horslsy. 


make 
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make equal angles with the hypotenufe , line 

drawn from the right angle to meet if, and will likewife 
have to each other the proportion of the Jides containing 
the right angle to. 

COR, 

(c) For in the triangle acb, having the angle at c right, conftru& the figure 
a* in the firft proportion, and join lp, l<^ The author affirms, that the angle* 


X> 



pla, qlb, and alfo the angles clp, qlc, are equal, and that pl : lqttca : cb. 
Produce lp, lq^, till they meet the right line ih in m, n. Now, becaufe mn, ab, 
are parallel, therefore al : mczzap : pc, and cn : lb zz cq^ (or pc) : qb. 
Therefore, alxcn:mcxlb=ap : qb. But ap : qb=tal : lb (by theor. i. 
cor. 5.). Therefore, al x cn : mc x lbzz al : lb. Therefore, cn and cm are 
equal. But becaufe the angle acb is right, cl is perpendicular to ab (by 
theor. 1. cor. 2.), and confequently to MN. Therefore the angles mcl, ncl, 
are right, and mc being equal to cn, and cl common to the two triangles mcl, 
ncl, ml will be equal to ln, and the angles mlc, cml, equal to nlc, CNL,refpec- 
tively. Hence it is evident, that the angles clp, clq^, are equal, and each is 
half a right angle; and likewife pla, qlb, are equal, and each half 3 right angle. 

Further* 
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cor. i. The alternate triangles of thofq four, which 
have their vertices in the point, where the right line 
drawn from the right angle meets the hypotenufe, are 
limilar, and have to each other the proportion of the 
iegments of the hypotenufe, or the duplicate proportion 
of the fides containing the right angle. 

cor.' ii. Either pair of the adjacent triangles lying on 
different illes of the right line drawn from the right 
angle, and having their vertices in the interfedlion of the 
right lines drawn from the angles at the hypotenufe, 
have to each other the proportion of the alternate trian¬ 
gles, having their vertices in the interfedlion of the firft- 
mentioned line and the hypotenufe. 

cor. hi. The trapezium or quadrilateral figure formed 
by the fegments of the fides adjacent to the right angle,, 
and the right lines joining their extremities with the in- 
terfedtion of the hypotenufe, and the right line drawn 
from the right angle to meet it, is capable of being in- 
fcribed in a circle; and is divided at the interfedlion of 
right lines drawn from the angles at the hypotenufe to 
the alternate angles of fquares, defcribed on the fides 
containing the right angle, into triangles which are pro¬ 
portional to one another, and when taken two by two,, as. 

Further, the angles, pla, clq^, are equal, each being half a right angle; And 
the angles pal, lcq^, are equal (by & Elem-6.)* Therefore the angles apl, cql,, 
will be equal, and the triangles apl, c<^l, fimilar, and the fides fubtending the 
equal angles proportional. Therefore, pl : la:zql : lc. By permutation, 
i. p : lqj=z la : lc. But la : lc r ac : cb (by 8> Elem, 6>.)- Therefore, 

L? : 1QJIZ AC : CB. 4^. $• HORSLEY. 


they 
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they lie adjacent on different fides of the diagonal, are 
proportional to the unequal fides of the trapezium, and 
to the two triangles into which the diagonal divides it. 
For opl : opc=lo : oc=oql: oqc. Therefore, opl : oql 
=opc : oqc=lpc : lqc=lp : lq^ 


PROPOSITION IX. THEOREM IV. 

If from the angles at the bafe of any right lined triangle , 
right lines be drawn to the alternate angles of rhomboids 
defcribed on the other two fides , and reciprocally applied 
to them produced , a right line drawn from the vertex 
through the interfedlion of thefe lines will cut the bafe into 
two parts , having to each other the proportion com¬ 
pounded of the proportion of the fides , and of the propor¬ 
tion of the other two lines comprehending the rhom¬ 
boids. 

I SHALL fubjoin a demonftration of this theorem, 
fince the firft propofition in thefe papers is only a parti¬ 
cular cafe of it. 
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Let the triangle be acb, the bafe ab, the rhomboids 
acef, ccdg; and let the right lines bf, ag, be drawn. 
Then, if from the vertex c through their interfe&ion O, 
a right line col be drawn to meet the bafe, the fegments 
al, lb, thereof will have to each other the proportion 
compounded of the proportions of ac to cb, and of ce 
to cd. For through the vertex c let a right line ich be 
drawn parallel to ab, to meet bf, ag, produced, if necef- 
lary. Then, fince the triangles cqh, cpi, are refpedfively 
equiangular to the triangles aqb, apb (i 5. and 29.E. 1.); 
the proportions of ch to ab, and of ab to ic are refpec- 
tively equal to the proportions of CQ_to qb, and of ap to 
pc (4. E. 6.). But the proportion of ch to ic is com¬ 
pounded of the proportions of ch to ab and of ab to ic; 
and confequently is equal to a proportion compounded of 
the proportions of CQ_to qb and of ap to pc. And fince 
the triangles acq,, apf, are refpedlively equiangular to 
1 the 
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the triangles bqg, bpc (15. and 29. E. 1.); the propor¬ 
tions of co_to qb, and of ap to pc, are refpe&ively equal 
to the proportions of ac to bg or cd, and of ae or ce to 
cb. Wherefore the proportion of ch to ic is equal to the 
proportion compounded of the proportions of ac to cd 
and of ce to cb, or of ac to cb and of ce to cd. But 
fince the triangles coh, coi, are refpedtively equiangular 
to the triangles aol, lob, the proportion of ch to ic is 
equal to the proportion of al to lb (4. E. 6.). There¬ 
fore the proportion of al to lb is equal to the propor¬ 
tion compounded of the proportions of ac to cb and of 
ce to CD. g^E.D. 

scholium. If ce, cd, be equal to each other, al hath 
to lb the proportion of ac to cb, and cl bifeits the an¬ 
gle acb ; if ce have to cd the inverfe proportion of ac to 
cb, al is equal to lb ; if ce have to cd the proportion of 
ac to cb, al hath to lb the duplicate proportion of ac to 
cb ; and univerfally, if ce have to cd any multiplicate 
proportion, n, of ac to cb, al hath to lb fuch a multipli¬ 
cate proportion of ac to cb as is expreffed by the num¬ 
ber n+ 1. And if ce have to cd any multiplicate pro¬ 
portion m of cb to ac, al will have to lb fuch a multi¬ 
plicate proportion of cb to ac, as is exprefled by the num¬ 
ber m- 1. 



